Abstract. In this paper, we consider the eigenvalue problem for Hodge-Laplacian on a Riemannian manifold M isometrically immersed into another Riemannian manifoldM for arbitrary codimension. We first assume the pull back Weitzenböck operator (defined in Section 2) ofM bounded from below, and obtain an extrinsic lower bound for the first eigenvalue of Hodge-Laplacian. As applications, we obtain some rigidity results and a homology sphere theorem. Second, when the pull back Weitzenböck operator ofM bounded from both sides, we give a lower bound of the first eigenvalue by the Ricci curvature of M and some extrinsic geometry. As a consequence, we prove a weak Ejiri type theorem, that is, if the Ricci curvature bounded from below pointwisely by a function of the norm square of the mean curvature vector, then M is a homology sphere. In the end, we give an example to show that all the eigenvalue estimates and homology sphere theorems are optimal whenM has constant curvature.
Introduction
Let M n be an n-dimensional Riemannian manifold. For each integer 0 ≤ p ≤ n, the HodgeLaplacian (or Laplacede Rham operator) acting on p-forms of M is defined by
where d and δ are the differential and co-differential operator. Hodge-Laplacian is an natural generalization (up to a sign) of Laplace-Beltrami operator acting on scalar functions (i.e., 0-forms). For each 0 ≤ p ≤ n, denote by λ 1,p the first eigenvalue of Hodge-Laplacian, i.e.,
Eigenvalue estimates for Laplace-Beltrami operator acting on scalar functions are intensively studied in a huge literature. Compare to this, eigenvalue problems for Hodge-Laplaican attracted less attention, although they also play an important role in revealing relations between geometry (curvature, etc.) and topology (cohomology, etc.) of manifolds. One of the difficulties of the eigenvalue estimates for Hodge-Laplacian is the algebraic complexity of Ω p (M) (compare to Ω 0 (M)).
In recent years, a number of authors devoted to this problem (e.g. [4;6;9;10;11;12;13;15] ). Among them, Guerini-Savo [4] , Kwong [6] , Raulot-Savo [9;10] and Savo [12] investigated eigenvalues for Hodge-Laplacian on a manifold with boundary; Savo [11] and Smoczyk [15] studied eigenvalues for Hodge-Laplacian on submanifolds in Euclidean space or a sphere; Raulot-Savo [9] and Savo also studied eigenvalues for Hodge-Laplacian on a hypersurface immersed into another Riemannian manifold.
As we note from above, when the target manifold is not a space form, all the extrinsic results are of codimension one (be a hypersurface or boundary of a Riemannian manifold). It is natural to study eigenvalue problems of Hodge-Laplacian on a Riemannian manifold immersed into another with arbitrary codimension. To this end, in the present paper, we first give some optimal extrinsic lower eigenvalue estimates of Hodge-Laplacian on a Riemannian manifold immersed into another with arbitrary codimension. After that, as applications, we will prove some rigidity results, such as the homology sphere theorems.
Let i : M n →M n+m be an isometric immersion from n-dimensional Riemannian manifold M into (n + m)-dimensional Riemannian manifoldM. Let ν ∈ T ⊥ M be a unit normal vector, and denote by S ν the shape operator associated with ν. Assume {k i } n i=1 are the principle curvatures of S ν . Denote by I p the set of all p-multi-indices
For a given α = j 1 , · · · , j p ∈ I p , set α ⋆ = {1, · · · , n} \α, and call
When codimension m = 1 and the curvature operator ofM is bounded from below, Savo [13] Theorem 7 obtained an optimal extrinsic lower bound of λ 1,p :
Theorem A (Savo [13] ). Let M n be a closed hypersurface ofM n+1 , a manifold with curvature operatorR bounded from below by c ∈ R.
where β p (M) is a constant defined above. If M is a geodesic sphere in a simply connected manifold of constant curvature c, then equality holds.
if there is no other explanation.
The main tool that Savo used to prove the above theorem is the Bochner formula, that is, for
where W [p] :
is nothing but the Ricci tensor. But when 2 ≤ p ≤ n − 2, W [p] is complicated and is hard to be controlled in a general case. However, it is crucial and necessary to control the term W [p] (ω) , ω in eigenvalue estimates or in other problems. One can also define the Weitzenböck operatorW [p] ofM. Denote by i * W [p] the pull-back Weitzenböck operator, which is the restriction ofW [p] on Ω p (M). One can check (c.f. [2] ) that,R ≥ c implies i . Then
where 
The following corollary is a direct consequence of Theorem 1. [2] ) that λ 1,p (M) = p(n − p + 1) c + |H| 2 . Thus, the eigenvalue estimates is optimal when M is umbilical. When M is not umbilical, the eigenvalue estimates are also optimal by computing the first eigenvalue of Clifford torus (see the example in Appendix).
(ii) When codiemsion m = 1, Savo [13] 
The following two corollaries are direct consequences of the above rigidity theorem. 
Remark 1.3. About Theorem 1.6, we should remark that,
• IfM is a space form, then Shiohama-Xu [14] obtained a topological sphere theorem under the same condition, i.e., the condition |B| 2 < α(c, 1, n, H) implies that M is homeomorphic to a sphere.
• Applying the rational Hurewicz theorem, in the conclusion, one actually have
(which can be called a rational homotopy sphere).
It is worth noting that, constant γ p in Theorem 1.1 depends on |H| 2 and B 2 . But by the Gauss equation (2.1), we have
Moreover, by the definition of i
We see that γ p actually depends on the scalar curvature of M, |H| 2 and i * W [1] . In this direction, assume i * W [p] bounded from below and i * W [1] bounded from above, we also obtain a lower eigenvalue estimate for Hodge-Laplacian by the Ricci curvature of M and |H| 2 .
As an application, we will give a new Ejiri type homology sphere theorem. There are several type of sphere theorems depending on the curvature assumptions added on the submanifold or the target manifold. These curvature assumptions include pinched sectional curvature, bounded Ricci curvature, etc. In Section 4, we will restrict our attention to the case that the Ricci curvature of the submanifold is bounded from below. As far as we know, the first such type result was given by Ejiri in 1979 for minimal submanifolds of a sphere. Recently, Gu-Xu generalize Ejiri's result to submanifolds of space forms with parallel mean curvature vector.
Theorem B (Ejiri [1] , Gu-Xu [17] 
then M is either the totally geodesic submanifold S
denotes the 2-dimensional complex projective space minimally immersed into S 7 1 c+|H| 2 with constant holomorphic sectional curvature 4 3 (1 + |H| 2 ).
Gu-Xu [17] also obtain the following topological sphere theorem without the assumption of parallel mean curvature vector.
Theorem C (Gu-Xu [17] 
then M is homoemorphic to a sphere.
The original version of Gu-Xu's theorem assume that n ≥ 4. The case n = 2 is a consequence of Gauss-Bonnet formula. The case n = 3 is a consequence of Lawson-Simons theorem and Perelman's solution of Poincaré conjecture.
The key idea to prove Theorem C is to claim that there is no stable integral p-currents for 0 < p < n under the assumption (1.1). The p-th weak Ricci curvature of the p-plane e 1 ∧ e 2 ∧ · · · ∧ e p introduced by Gu-Xu [3] is defined by
Ric ii .
One can verify that Ric(e 1 ∧ e 2 ∧ · · · ∧ e p ) is well defined, i.e., it is depending only on the p-plane e 1 ∧ e 2 ∧ · · · ∧ e p . With an obvious modification of original results of Gu-Xu [17] and Gu-LengXu [18] , one can obtain the following Theorem (for readers' convenience, we list a proof in Section 4). Theorem D. [17;18] Let M be an n(≥ 4)-dimensional closed submanifold with mean curvature vector H in F n+m (c) with c ≥ 0. If 
holds for some 0 < p < n, then the p-th betti number is zero. In particular, if M is simply connected, and
then M is a homology sphere.
(1) Suppose the sectional curvature ofM is bounded below byK min and above byK max , then we can take
Therefore, our assumption is indeed weaker than constant curvature assumption. (2) The condition (1.2) is sharp for all p and all n (no matter n is even or odd) whenM = F n+m (c) (see the example in Appendix).
We call the above result a weak Ejiri type theorem. It is weak in the sense that M is just a homology sphere in our conclusion. Therefore, it can be seen as a generalization of Theorem C in the rational homotopy sense. We emphasize that the proof of Theorem 1.8 bases on the Bochner's method which is quite different from Ejiri's and Gu-Xu's.
The paper is organized as follows. In Section 2, we set up notation and terminology, and review some of the standard facts on submanifolds geometry and Hodge-Laplacian. In Section 3, we give the proofs of Theorem 1.1 and Theorem 1.3. We also give another two applications of Theorem 1.1. In Section 4, we give the proof of Theorem 1.7 and Theorem 1.8. In the Appendix, we calculate an example of Clifford torus to show that the eigenvalue estimates and sphere theorems are all optimal when the target manifold is the standard sphere.
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Preliminaries
In this section, we first recall some of the standard facts on submanifold geometry. Let i : M n →M n+m be an isometric immersion from a closed n-dimensional Riemannian manifold M to an (n + m)-dimensional Riemannian manifoldM. Let e 1 , · · · , e n , ν 1 , · · · , ν m be an orthonormal frame onM such that e 1 , · · · , e n are tangent to M and ν 1 , · · · , ν m are perpendicular to M, and η 1 , · · · , η n be the dual of e 1 , · · · , e n . Let R (resp.R) be the (0,4)-type curvature tensor of M (resp.M), and R : Λ 2 T M → Λ 2 T M be the curvature operator defined by R(e i ∧ e j ), e k ∧ e l = R(e i , e j , e k , e l ) ≕ R i jkl .
From now on, we assume the Latin subscripts (or superscripts) i, j, k, l, · · · range from 1 to n, and the Greek subscripts (or superscripts) α, β, γ, · · · range from 1 to m, and we will adopt the Einstein summation rule. The second fundamental form and the mean curvature vector are given by
and writeB = B − H ⊗ g which is the traceless part of B, where g is the metric on M. Let A be the shape operator defined by
Recall the Gauss equation
Second, we summarize the relevant material on Hodge-Laplacian and some facts of its first eigenvalue.
Let ∆ be the Hodge-Laplacian, i.e., ∆ = dδ + δd.
Let λ 
For example,
Third, we briefly sketch the Weitzenböck formula and Bochner formula for differential forms.
For every p-form ω on M, using the local orthonormal frame, the Weitzenböck operator W [p] :
is given by (c.f. [5] ),
Similarly, the pull back Weitzenböck operator i
The following two formulas for p-forms are well known,
where ∇ ⋆ ∇ is the connection Laplacian. Equalities (2.2) and (2.3) are usually called Weitzenböck formula and Bochner formula. A direct computation gives (c.f. [7] )
where {θ I } is a local orthonormal frame of Λ 2 T M. In the end of this section, let us recall the following theorem due to Lawson-Simons [8] (c > 0) and Xin [16] (c = 0).
Theorem E (Lawson-Simons, Xin). Suppose M n ⊂ F n+m (c), c ≥ 0 and for every orthonormal frame {e
then there is no stable integral p-currents, where F n+m (c) is the (n + m)-dimensional space form with sectional curvature c.
Eigenvalue estimate and its applications
In this section, we give the proofs of Theorem 1.1 and Theorem 1.3 and their applications. To prove Theorem 1.1, we need the following lemma which is due to Gallot and Meyer [2] , and we give a proof here for completeness.
Proof. Introduce the twistor operator P on M acting on p-form ω by
where X ♭ is the dual 1-form defined by X ♭ (e i ) = X, e i . Then the following identity holds,
Now applying Bochner formula (2.3), and by the assumption W
, we have
The conclusion follows from the variational characteristic of the first eigenvalue.
Proof of Theorem 1.1. We will adopt the notations in Section 2, and for simplification, we introduce two more notations,
Direct calculations yield
Hence, by using Gauss equation (2.1),
Therefore, by the assumption of the theorem, we have
Hence, according to Lemma 3.1 and the above inequality, to prove the theorem, it is sufficient to prove that,
where |·| op stands for the operator norm when acting on p-forms. By definition, acting on p-forms,
we have
On the other hand, B 2 = m α=1 Å α 2 . Hence, the remain proof can be reduced to codimension m = 1 case, which has already done (c. f. [9] ). 
Conclusion
Proof. Direct calculations by Theorem 1.1 and Young inequality.
Proof of Theorem 1.3. Notice that
Hence, by assumption, λ 1,p (M) ≥ 0. Thus, every harmonic p-form is a conformal killing form, i.e., Pω = 0, and is parallel. Moreover, if for some point, the strictly inequality holds, then there is no nontrivial harmonic p-form. In other words,
Consequently, if
Moreover, if the inequality holds strictly at some point, then
Finally, if χ(M) 1 + (−1) n , there must be some p ∈ {1, . . . , n − 1} such that the betti number b p > 0. We finish the proof.
Proof of Theorem 1.6. Since |B| 2 < α(c, 1, n, H), applying the estimate of the lower bound of the first p-eigenvalue, we know that the p-th betti number is zero for 0 < p < n, i.e., M is a homology sphere.
Besides the corollaries and theorems mentioned in the introduction, we have two more applications of Theorem 1.1. Proof. A direct computation gives
and the equality holds if and only if 
we obtain the theorem.
Eigenvalue estimate and Ejiri's type Theorem
In this section, we will prove Theorem 1.8. First, for readers' convenience, we provide here a different but simple proof of Theorem D.
Proof of Theorem D. We need to verify Lawson-Simons condition (2.4).
We first study the case of p = 1.
Hence, if
which means that there is no stable integral 1-currents. Now we consider the case of 2 ≤ p ≤ n/2.
Similarly,
Therefore,
Finally, since n ≥ 4 and c + |H| 2 ≥ 0, we have
Thus, if Ric > (n − 2) c + |H| 2 and n ≥ 4, then there is no stable integral p-currents for 0 < p < n.
The idea of proving Theorem 1.7 is similar as the proof of Theorem 1.1. But since the Ricci curvature is the sum of sectional curvatures, we must confront a more complicated algebra than the proof of theorem 1.1. Hence, before proving Theorem 1.7, we need an algebraic lemma.
Given a matrix A ∈ M n×n (R), we extend A linearly into an operator A :
For the matrix A, as an operator of R n to itself, we denote by |A| 2 its operator norm, i.e.,
It is obvious that |A| 
Moreover, the sectional curvature satisfies
The Ricci curvature satisfies
A direct computation gives the following: if (n − 2p)(pµ −1 − (n − p)µ) ≤ 0, then
Hence, if (n − 2p)(pµ −1 − (n − p)µ) ≤ 0, we obtain that |B| 2 = α(1, p, n, H). When p = 1 or p = n − 1, we have Ric min − n − 1 − (n − 2)p(n − p) (n + 2)p(n − p) − n 2 (1 + |H| 2 ) = 0.
When 1 < p < n − 1, taking µ = p−1 n−p−1 , we have Ric ii ≡ n − 2 for all 1 ≤ i ≤ n which implies Ric = (n − 2)g. Therefore,
Ric min − n − 1 − (n − 2)p(n − p) (n + 2)p(n − p) − n 2 (1 + |H| 2 )
n 2 (p − 1)(n − p − 1) = n − 2 − (n − 2) = 0.
